The performance of six different density functionals (LDA, PBE, PBESOL, B3LYP, PBE0 and WC1LYP) in describing the infrared spectrum of forsterite, a crystalline periodic system with orthorhombic unit cell (28 atoms in the primitive cell, Pbmn space group), is investigated by using the periodic ab initio CRYSTAL09 code and an all-electron gaussian-type basis set. The transverse optical (TO) branches of the 35 IR active modes are evaluated at the equilibrium geometry together with the oscillator strengths and the high frequency dielectric tensor ǫ ∞ . These ingredients permit to compute the dielectric function ǫ(ν), and then the reflectance spectrum R(ν), which is compared with experiment. It turns out that hybrid functionals perform better than LDA and GGA, in general; that B3LYP overperforms WC1LYP and, in turn, PBE0; that PBESOL is better than PBE; that LDA is the worst performing functional among the six Email address: marco.delapierre@unito.it (M. De La Pierre)
under study.
Introduction
In the last decade quantum-mechanical methods have been shown to be capable of accurate prediction of many properties of crystalline compounds, including equilibrium geometries and vibrational frequencies.
One of the crucial ingredients of the simulation is the adopted hamiltonian.
The opinion that LDA and GGA perform quite well for any crystalline system is widespread in the solid state community [1, 2, 3, 4] . In the last years, however, it has been shown that a fraction of Hartree-Fock (HF) exchange improves the description of many properties of solids substantially [5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15] , so that very recently "hybrid" functionals have been implemented in many periodic codes [15, 16, 17, 18] . It is at the same time commonly accepted that B3LYP [19, 20, 21] , the most popular "hybrid" functional in the quantumchemistry molecular community, is not suitable for the description of crystalline solids [15, 22] . While this is certainly true for metallic systems, experience shows that B3LYP can provide excellent results for many properties, and in particular for the vibrational spectra of insulating systems, such as calcite [11] , quartz [23] , katoite [24] , garnets [8, 10, 25, 26, 27, 28, 29, 30, 31] .
So far, a detailed comparison of various exchange-correlation (XC) functionals for crystalline systems is limited to simple ionic, covalent and metallic solids with one or two atoms in the unit cell [1, 2, 3, 4] . A similar comparison for more complex crystalline systems, or properties other than binding energy, lattice parameter, bulk modulus and band gap is still unavailable.
In the present work we perform an accurate comparison of simulated and experimental infrared (IR) data (wavenumbers and intensities), and of the reflectance spectrum R(ν), that is the primary information from which experimentalists extract IR wavenumbers and intensities. Equilibrium geometries and dielectric properties are also included in the comparison. R(ν) can be simulated by combining different ingredients available in the CRYSTAL09 periodic ab initio code, which uses a gaussian-type basis set: (i) the Coupled Perturbed Kohn-Sham scheme (CPKS), recently implemented, is used for the accurate calculation of the high frequency dielectric tensor ǫ ∞ [32, 33, 34] , contributing to the frequency dependent dielectric function ǫ(ν); (ii) Born charges, the key quantities for the evaluation of IR intensity, are evaluated through a Berry phase approach [35, 36, 37] ; (iii) vibrational modes are obtained by diagonalizing the hessian matrix, whose elements are the second derivatives of the total energy with respect to the atomic cartesian coordinates; the latter are evaluated numerically from analytical gradients [5, 23] .
Olivines (X II 2 SiO 4 ), due to their relatively large unit cell (28 atoms) and high symmetry, and thanks to the availability of excellent experimental data [38, 39, 40, 41] , represent a challenging test for a modern periodic quantummechanical code. Forsterite is one of the end-members of the olivine family, with the M g 2+ cation in the X position. Previous theoretical studies on this compound concern both Raman [42] and infrared spectra, the latter both for pure [43] and H-substituted systems [44, 45, 46] , the adopted techniques being molecular dynamics and/or density functional theory.
In a previous preliminary investigation of the IR spectrum of forsterite [47] , the B3LYP [19, 20, 21] hybrid functional was adopted. The same functional was adopted for the study of thermophysical properties of Mg 2 SiO 4 polymorphs [48] . In this work we extend the analysis to five other functionals, namely to Local Density Approximation (LDA), early (PBE [49] ) and newly (PBEsol [1] , developed for solids) Generalized Gradient Approximation functionals (GGA), and two other hybrid functionals, namely PBE0 [50] (also known as PBE1PBE
or PBEh) and WC1LYP [51] . The availability of very high quality experimental reflection spectra R(ν) [40] , collected by the Japanese infrared beamline of the synchrotron radiation facility SPring8, provides a quite reliable set of data for the comparison of the quality of the results provided by the six functionals.
These data, which were published just after our preliminary study [47] , are not limited to the peak positions, but also include oscillator strengths, high frequency dielectric tensor and the reflectance spectrum R(ν). This large set of data permits a very accurate comparison between experiment and simulation, and particularly between various flavors of the density functional theory.
Computational details
Calculations have been performed with the CRYSTAL09 [52] code.
An all-electron basis set is used for all atoms. Silicon, oxygen and magnesium [51, 47] .
The level of accuracy in evaluating the Coulomb and Hartree-Fock exchange series is controlled by five parameters [52] that have been set to 7,7,7,7,14.
The threshold on the SCF energy was set to 10 −8 hartree for the geometry optimization, and to 10 −10 hartree for the frequency calculations. The reciprocal space was sampled according to a regular sublattice with shrinking factor [52] equal to 6 that corresponds to 64 independent k points in the irreducible part of the Brillouin zone.
The DFT exchange-correlation contribution is evaluated by numerical integration over the unit cell volume. In CRYSTAL, radial and angular points of the grid are generated through Gauss-Legendre radial quadrature and Lebedev two-dimensional angular point distributions. In the present calculations, a (75,974) grid has been used (XLGRID keyword in the CRYSTAL09 manual [52] ), which corresponds to a pruned grid with 75 radial and 974 angular points.
Details about the grid generation, number of points in the reciprocal space and their influence on the accuracy and cost of calculation can be found in Refs. 10 and 25.
The structure was optimized by using the analytical energy gradients with respect to atomic coordinates and unit-cell parameters [53, 54, 55] , within a quasi-Newton scheme combined with the BFGS algorithm for Hessian updating [56, 57, 58, 59] . Convergence was checked on both gradient components and nuclear displacements, for which the default values [52] The strength of the n th oscillator, f n , is defined as:
where Ω is the unit cell volume, i and j indicate the three Cartesian components, ν n is the frequency of the n th mode and
Z * A,ij is the Born effective charge tensor associated with atom A, evaluated through a Berry phase approach [35, 36, 37] ; t n,Ai is an element of the eigenvectors matrix T of the mass-weighted Hessian matrix W, that transforms the cartesian atomic directions into the n th normal coordinate directions; M A is the mass of atom A.
The ionic components to the static dielectric tensor ǫ 0,ij are evaluated as the sum of the oscillator strengths: F ij = n f n,ij . The electronic high frequency components ǫ ∞,ij are calculated through the Coupled-Perturbed KS/HF (KohnSham/Hartree-Fock) scheme ( [32, 33, 34, 60, 61] 
The reflectance spectrum
The reflectance spectrum R(ν) is defined as follows [65] :
where θ is the incidence angle of the infrared beam; in the present work, we have set θ = 10
• , according to the experimental setup of our reference work [40] .
In the case of orthorhombic systems, the complex dielectric function turns out to be a diagonal tensor, with diagonal elements defined as follows:
where ν j , f j and γ j are the TO peak position, the oscillator strength and the damping factor. The electronic high frequency contributions ǫ ∞,ii are almost constant with respect to frequency in the IR range, as electronic transition energies are very large compared to IR transition energies.
A microscopic approach to the calculation of the dielectric function permits to rewrite Equation 4 as [66, 67, 68] :
where the definition of the oscillator strength f j,ii according to eq. 1 has been used.
As the harmonic model is used in our simulation, we are unable to compute the γ j damping factors. We used then three different strategies for computing
(i) the γ The influence of the three choices on the root mean square (RMS) between R calc (ν) and R exp (ν) will be discussed in the next Section.
From the experimentalists' point of view [40] , the digitalized R exp (ν) function, through eq. 3 and 4, provides by best fit the "experimental" values for ν j , f j and γ j . In the present case, 10, 10 and 7 experimental IR peaks were identified for the x, y, and z directions, respectively; then the fitting function contains 30, 30 and 21 parameters, respectively.
The comparison among theory and experiment can be performed both at the R(ν) level, or by comparing calculated and measured ν j and f j . Table 1 refers to the equilibrium geometry, and shows that LDA underestimates the three lattice parameters with respect to the liquid nitrogen experimental datum [69] by -0.4, -1.5 and -1.3 % respectively, whereas PBE overestimates them by about the same amounts, +1.2, +1.0 and +0.9 %. B3LYP overestimates the three parameters by less than 1.0 %. PBE0, WC1LYP and PBESOL provide by far the best geometry with percentage errors smaller than 0.5 %.
Results

Geometries
Infrared modes: wavenumbers and intensities
Forsterite, as all olivines, is orthorhombic (space group P bnm, n. 62). There are 28 atoms (four formula units) in the unit-cell, 6 of which symmetry independent, giving rise to 84 vibrational modes. Symmetry analysis shows that:
A total of 35 IR active modes (9B 1u ⊕ 13B 2u ⊕ 13B 3u ) and 36 Raman active modes (11A g ⊕11B 1g ⊕7B 2g ⊕7B 3g ) is then expected, plus 10 A u inactive modes.
Three additional B 1u , B 2u and B 3u modes correspond to rigid translations.
The calculated and experimental [40] IR-active TO modes are shown in Table 2 As regards the oscillator strengths (OS), we can start the analysis by looking at the integrated quantity F = j f j , shown in the lowest part of Table 3 . The agreement with experiment is in general satisfactory for all functionals, the differences ranging from 0.8 to 8.3% for the a axis, from 0.6 to 13.5% for the b axis, and from 2. The sum of the absolute differences for each direction, ∆F = j |∆f j |, and their sum ∆Σ (the overall sum extends to 31 peaks), are also given in Table 3 . For all functionals but LDA, ∆F for the c direction is much larger than for A careful analysis shows that quite large contributions to ∆F come from modes that are very close in frequency (see lines grouped in the f columns of Table 3 ). This suggests that the one-to-one correspondence between calculated and experimental peaks, performed, within a given symmetry, on the basis of the sequential order of the frequencies, might be wrong when peaks are very close to each other. A second source of discrepancy is the following: when modes are close in frequency (and then the corresponding peaks overlap), the deconvolution of the experimental spectrum through a best fit process can be affected by large errors, due to the strong correlation between the parameters describing the intensity of these peaks. This is evident in the couples of modes This strategy reduces the absolute difference ∆Σ, (and |∆f max | as well), that for WC1LYP is now 1.39 (11.0% of Σ exp ) and slightly larger for PBE, PBE0
and B3LYP (from 1.51 to 1.71), whereas it remains quite large for PBESOL and LDA.
The R(ν) reflectance spectrum
As anticipated in Section 2.1, the digitalized reflectance spectrum R exp (ν)
has been used by experimentalists [40] to obtain by best fit the "experimental" frequencies ν peaks (see eq. 3 and 4; we remind that with this procedure only a fraction of the expected peaks is identified). The quality of this fit can be estimated by recomputing the "experimental fitted" reflectance spectrum R f it (ν) with these data. The root mean square RMS deviation between R f it (ν) and R exp (ν) is reported in the last column of Table 4 ; the corresponding curve is shown in the last panel of Figure 2 , in the case of the a axis. We notice the very good agreement between the two spectra, in spite of the fact that 2, 1 and 1 modes are missing for the three axes, respectively (see the lists of ν exp and f exp in Tables 2 and 3) ; this is not surprising, as it has been shown in Section 3.2 that these modes feature very low calculated intensities. The low value of RMS f it also indicates that the model described through eq. 3 and 4 is adequate.
As regards simulation, ǫ ∞ ( see eq. 4) has been evaluated through the CPHF scheme. Table 5 shows that hybrid functionals underestimate by about 9% the experiment, whereas LDA and PBE come very close to it.
In order to build-up our "computed" reflectance curve R calc (ν), besides the calculated ǫ ∞ , ν j and f j , we also require the γ j damping factors. As anticipated in Section 2.1, our harmonic model does not provide them, so that we must rely on the experimental data. Three different γ j values have been used, the aim being to avoid that a particular choice could bias the analysis of the relative performance of the six functionals. The simulated spectrum has been generated by using the γ exp j values mentioned above, or the mean value of these (γ exp , equal to 3 cm −1 ), or γ f it j , obtained by best fit between the digitalized reflectance spectrum R exp (ν) and R calc (ν) itself, the latter containing γ f it j as parameters.
The effect of the choice of the damping factor on the reflectance curve is shown graphically in the top panel of Figure 1 , in the case of the a axis and the B3LYP functional. Table 4 , that provides the RMS deviation between the various R calc (ν) curves and R exp (ν), shows that: a) for a given choice of γ j and functional, the RMS deviation is not very different for the three directions, so that the mean value RM S can be used for the comparison among functionals.
b) The differences among the RM S obtained with the three choices for γ j are not very large, so that the relative merits of the various functionals are essentially the same, independently from the choice of γ j (see also Refs. 30, 31).
c) B3LYP and PBESOL provide the smallest RM S, followed by WC1LYP. On the other hand, PBE, PBE0 and LDA provide about the same and larger RM S values.
Examples of R calc (ν) curves computed with different γ j choices, for the three crystallographic axes and with the various adopted functionals are given in Figures 1 and 2 .
Conclusions
The vibrational properties and the reflectance IR spectrum of forsterite have been calculated at an ab initio quantum-mechanical level with six different hamiltonians, and compared with the available highly accurate experimental data.
The large set of data makes the comparison among the functionals difficult, because the relative performance varies with the considered property. For this reason we summarized the most relevant statistical indices discussed in the previous Section in a single table (see Table 6 ): the percentage error on the volume (∆V ), the mean absolute difference between calculated and experimental wavenumbers (|∆ν|), the equivalent quantity for the oscillator strengths (∆Σ "after grouping", see data in parentheses in Table 3 ), the difference among the integrated oscillator strengths (σ = Σ calc − Σ exp ) and the root mean square among reflection spectra (RM S).
The agreement is excellent when the B3LYP functional is used, with respect to most of the studied properties: vibrational frequencies in particular, oscillator strengths, reflectance curves, whereas the volume is slightly too large. WC1LYP performs very well, too, for all properties; the same is true for PBESOL, with the exception of the IR intensities and related properties. WC1LYP, PBESOL and PBE0 provide better geometries than B3LYP; PBE0 yields good oscillator strengths, but poorer wavenumbers than B3LYP. LDA and PBE provide the worst geometries, poor vibrational frequencies; LDA intensities are the worst ones determined, whereas the PBE ones are in line with the results from hybrid functionals. As regards the R(ν) spectrum, LDA, PBE and PBE0 are the worst performing.
Overall, then, hybrid functionals for the present system perform better than GGA, and B3LYP and WC1LYP better than PBE0. For particular properties PBE or PBESOL can be competitive. LDA is the worst in all cases.
The present study highlights the relevance of either the exact exchange contribution (B3LYP, WC1LYP, PBE0) or a specific design for the solid state (PBESOL, WC).
These results confirm previous studies [8, 10, 25, 27, 28, 29, 30, 31, 70, 71, 72] referring to a large family of silicates, including hydroxides, showing that B3LYP produces in general excellent vibrational spectra. [40] reflectance spectrum R(ν) along the a-axis of forsterite. In the last box the fitted and instrumental experimental spectra, both from Ref. 40 Table 2 : Calculated and experimental vibrational frequencies ν (cm −1 ) of the IR active transverse optical (TO) modes along the three axes of forsterite (featuring B 2u , B 3u and B 1u symmetries, respectively). ∆ν is the difference between calculated and experimental quantities. Statistical indices (x is either ν or f ): |∆x| = N i=1 |∆x i |/N is the mean absolute difference, ∆x = N i=1 ∆x i /N is the mean difference, |∆xmax| is the maximum absolute difference, |∆x| * = N i=1 |∆x i − ∆x|/N is the mean absolute difference computed after shifting the frequencies by ∆x; N is the number of available experimental data, on which statistics are performed; N = 31, over the three axes. a Ref. [40] . Table 3 : Calculated and experimental oscillator strengths f (adimensional) of the IR active transverse optical (TO) modes along the three axes of forsterite. ∆f is the difference between calculated and experimental quantities. F = j f j is the sum of the oscillator strengths; ∆F = j |∆f j | is the sum of the absolute differences between calculated and experimental oscillator strengths; these two quantities are computed for each crystallographic axis (a,b,c) and summed over the three axes (Σ and ∆Σ, respectively). |∆fmax| is defined as in Table 2 ; in this case, N is equal to 31 (29 for the reduced set with grouped values for f ). Oscillator strengths are grouped either when the corresponding calculated frequencies differ (δν) by less than 10 cm −1 , or when δν ≤ 30 cm −1 and f calc ≥ 0.5; values in parentheses refer to this "amended" set of data. a Ref. [40] . Table 5 : Calculated and experimental static dielectric tensor (ǫ 0 ) and its components: the electronic high frequency (ǫ∞) and the ionic one, evaluated as the sum of the oscillator strengths (F = j f j ). The three cartesian directions correspond to the crystallographic ones, so that the dielectric tensor turns out to be diagonal. a CPHF calculation of optical dielectric tensor currently not available for PBESOL and WC1LYP functionals. b Values obtained through a fitting procedure [40] . Table 6 : Summary of the main statistical indices discussed in the present work. ∆V (Å 3 ) is the percentage error on the volume (from Table 1 ); |∆ν| (cm −1 ) is the mean absolute difference for the frequencies (Table 2) ; σ = Σ calc − Σexp (dimensionless) is the difference among integrated oscillator strengths (Table 3) ; ∆Σ (dimensionless) is the sum of the absolute differences for the oscillator strengths, "after grouping" (data in parentheses in Table 3 ); RM S is the root mean square between calculated (with γ exp ) and experimental reflectance spectra R(ν), averaged among the three axes (Table 4 ).
